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Introduction

Petrologic hypotheses are physical-chemical explanations of the
causes of variations in chemistry, mineralogy, and rock-type in rock bodies
or rock suites. Predicted compositions derived from physical-chemical
models (1995) can be compared to measured compositions of rocks and
minerals. If the chemical, mineralogical, and rock-type data are consistent
with the model, then the model is a viable hypothesis for explaining the
causes of the variations, otherwise it is not. Predicted and measured values
seldom are equal and one has the problem of defining consistency: How
close should predicted and measured values be for consistency? Having
established consistency, the next question is how confident or sure are we
that the model or hypothesis is true? This latter question has not received
much attention in the petrologic literature. Bayes theorem and Bayesian
statistical methods can help answer both questions.

Numerical tests of petrologic hypotheses often fall into one of three
categories: (1) Does a set of data points that are expected to have equal
values have a variance greater than can be expected from analytical
uncertainty? (2) Are the mean values of two sets of data points equal? (3)
Does a data point fall on a trend predicted by a physical-chemical model?
Examples discussed in this paper include estimates of the probability that a
set of lava flows originated from a single magma batch and estimates of the
probability that a set of rock analyses are samples of a magmatic
crystallization sequence.

In symbols, Bayes theorem is:
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where H; is an expression representing the hypothesis being tested, D is the
data collected to test the hypothesis, and I is the prior information available
about the hypothesis. Pr[H; | D & 1] is the probability that H; is correct or
true, given the data (D) and prior information (I). Pr[D|H; & 1] is the
probability of observing or measuring the data, given that H; is correct and
given the prior information. Pr[H; | I] is the probability of H; being correct
given the prior information and before taking into account the new data (D).
Pr[H; | 1] is called the prior probability. Pr[D|[I] is the probability of
observing or measuring the data, regardless of whether H; or any other
hypothesis is true.

Implicit in Bayes theorem is the idea that there are alternative
hypotheses. If there is only one hypothesis and no alternatives, the
probability for that hypothesis is one; it must be true if there are no other
explanations. Consequently, applications of Bayes theorem become a
comparison of two or more hypotheses. To evaluate the probabilities in
Bayes theorem, the statements of the hypotheses and data are translated into
statistical expressions.

Bayes factors are convenient devices for expressing Bayes theorem if
there are two alternative hypotheses. A Bayes factor is:

5. PrID|Ho& 1]
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where the subscripts distinguish the two hypotheses. Another way to express
a Bayes factor is:
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This last expression, which is a ratio of the ratios of the posterior
probabilities to the prior probabilities for the two hypotheses, is the definition
used by Jeffreys (1961) but which he labeled K instead of B. In the recent
literature, B is the symbol used to label Bayes factors (e.g. Berger and
Delampady, 1987; Jefferys and Berger, 1992).

With Bayes factors we can write Bayes theorem as:

Pr{HoD&I]=1-— 2 4
’ 11 p(B-1) )
where py, the prior probability for Hy, is given by:

Po=Pr[Ho | 11=1—-Pr[H, | 1] (5)

For a fixed value of p,, larger values of B correspond to higher values
of Pr[Hg | D & 1]. The variation of Pr[H, | D & I] with B is shown on Figure
1. Bayes factors greater than one indicate an increased posterior probability
for Hy over its prior probability whereas Bayes factors less than one indicate
an increased posterior probability for H; over its prior probability. If the
Bayes factor is equal to one, the posterior probabilities equal the prior
probabilities for the two hypotheses.



Bayes Factors with Discrete Probabilities

The significance of Bayes factors is more apparent with discrete
probabilities than with continuous distributions. The following example,
adapted from (Schmitt, 1969), shows the properties of Bayes factors
particularly well.

Suppose we have to identify an outcrop as belonging to either rock
body X or rock body Y. If the outcrop contains aragonite, the outcrop is part
of X. Although aragonite is difficult to identify in hand specimen, we can
easily identify carbonate. In the map area, the total outcrop area of X is
approximately four times the outcrop area of Y. From a study of thin
sections, we know that the probability of finding carbonate in samples of X is
0.9 whereas we find carbonate in samples of Y only 2 out of 10 times. We
arrange these data in the form:

X Y
0.8 0.2 Relative outcrop areas are the prior probabilities: Pr(X) and Pr(Y)
0.9 0.2 Conditional probabilities of finding carbonate: Pr(C|X) and Pr(C|Y)
0.1 0.8 Conditional probabilities of not finding carbonate: Pr(N|X) and

Pr(NJY)

The conditional probabilities are derived from prior information obtained by
looking at thin sections of rocks known to come from X or Y.

Multiplying the conditional probabilities for each rock type by the
prior probabilities produces the joint probability distribution:



X Y

PrCIX)Pr(X) Pr(CIY)Pr(Y) | Pr(C) 072 004 0.76

Pr(NJX)Pr(X  Pr(N[Y)Pr(Y | Pr(N) = 008 016 | 024
) )

Pr(X) Pr(Y) | 080 020 | 1.00

where Pr(C) is the probability of finding carbonate and Pr(N) is the
probability of not finding carbonate at the outcrop. The elements of the joint
distribution are, as the name implies, the probability of finding carbonate (or
not finding carbonate) and, at the same time, of collecting from an outcrop of
X (or from Y). For example, the first element of the joint distribution, 0.72, is
the probability of finding carbonate while standing on an outcrop of X.

For this example, the formula in Bayes theorem can be written:

Pr(X) Pr(C|X)
Pr(C)

Pr(X|C) = (6)

where:
Pr(C) = Pr(X)Pr(C|X) + Pr(Y)Pr(C|Y) )

The posterior probability of correctly identifying an outcrop as Y,
given the presence of carbonate, is:

Pr(Y)Pr(C|Y)

Pr(Y|C) = Pr(C)

®)

From Jeffreys' (1961) definition [equation (3)] we can obtain an
expression for the Bayes factor:



_ Pr(X|C) 9
~ Pr(Y|C) ®)
which is equation (2). The values for the two posterior probabilities, Pr(X|C)
and Pr(Y|C), calculated from equations (6) and (8), are 18/19 and 1/19. The
Bayes factor [equation (9)] is 18. In other words, geologists finding
carbonate in an outcrop have a probability equal to 18/19 (~ 0.95) of being
correct if they call it X but have a probability of 1/19 (~ 0.05) of being
correct if they call it Y. By finding carbonate, geologists have increased the
posterior probability for X over its prior probability by a factor of 18
compared to the posterior probability for Y over its prior probability.

Bayes Factors and Continuous Distributions

Statistical expressions of the hypotheses are usually written with
probability density functions. For example:

1 7(X—u)2
e 202 (10)
o\ 2T

f(x|p,o)=
is a probability density function for a normally distributed variable, x. u and
o are parameters (= mean and standard deviation).

Bayes factors for continuous distributions can be calculated from
(Berger and Delampady, 1987):

B = f(x | w/my(x) (12)

where:



M) = | 1(x| 8) g(6) do 12)

g(6) is the prior probability density function for 6, with the condition that H;
is true:

9(6) =g(0 | Hy) (13)

and the range of integration is over all space available to 6, commonly from
— oo to + co. A justification of equation (11) is given in the appendix.

In summary, the posterior probability of a hypothesis that can be
represented by a statistical expression can be calculated if (1) there is at least
one alternative and (2) the prior probability density functions for the
competing hypotheses can be found.

Testing hypotheses represented by variance distributions

The simplest tests of petrologic hypotheses compare the dispersion of
the data with analytical uncertainty. The data can be ratios of isotopes or
conserved elements, or even directly measured concentrations. If the data
come from cogenetic samples, then we expect properly selected and
transformed data sets to have variances the same as the analytical
uncertainties. If the variance of the data sufficiently exceeds the analytical
uncertainties, the conclusion is straight forward: the sources of the data are
not cogenetic. On the other hand, there is no physical-chemical explanation if
the analytical uncertainty sufficiently exceeds the variance in the data.
Perhaps the reported analytical uncertainty is too large and the analyst, in an
effort to be conservative, reported an analytical uncertainty as worse than it
really is. Although unlikely, it is possible that we got lucky; the data may be
better than we think they are. A third possibility is that the particular density



function used to describe the analytical uncertainties is incorrect.

Suppose we measure n values of a normally distributed random
variable for which we expect the variance of the population to be co”. The
variable, (n - 1)s”cy’, will also be a random variable but from a 3%,y
distribution (Meyer, 1975). s is the sample variance. Consequently, the
distribution function for calculating the Bayes factor is:

(n-1s*, , , | (n=1)s?
f {—Gz 62,0 |=%2 T (14)
The prior distribution for Hy, 9(o), is (Jeffreys, 1961; Schmitt, 1969):
g(c) o« /o (15)

Calculating the Bayes factor [equation (11)] gives:

B (n_l)(n—l)/Z(n_3)5n73 o (n_l)sz
= 2(n—1)/265)n—2)[(n -3)/ 2]! P 26(2)

B (16)

Table 1 shows some examples of the use of this particular Bayes
factor. The data in Table 1 were transformed from analyses of four picrites
and one basalt erupted from Kilauea Volcano, Hawaii in 1968 (Wright, 1971;
Wright et al., 1975). Fractionation or accumulation of olivine explains the
variations in the data (Nicholls et al., 1986; Nicholls and Stout, 1988). If this
hypothesis is correct, then each element ratio listed in the top part of Table 1
should be constant across all five samples because none of the elements in
those ratios enters the olivine structure in measurable amounts. Analytical or
measurement errors preclude the numbers being the same in all five analyses.
However, we can test whether or not the dispersion of the data, as measured

9



by the standard deviation, s, of the five values of a particular ratio is different
from the expected analytical uncertainty, o.

The Bayes factors for the element ratios range from less than one
(Ca/K and Na/K) to nearly 20 (P/K). Both Ti/K and P/K have associated
Bayes factors that strongly support the hypothesis that the variance in the
data is equal to the square of the analytical uncertainty and that,
consequently, the variance in the data is due to analytical uncertainty. For
Al/K, Ca/K, and Na/K, the associated Bayes factor is close enough to one
that there is no reason to suspect the variance in the data arises from anything
but analytical uncertainty, especially because the standard deviation of the
data is less than the analytical uncertainty. Jeffreys (1961) suggests the
following interpretations for ranges in B:

B>1 H, supported by the data.
1> B>10""  Evidence against Hy but not worth more than a
bare mention.
102> B>10"? Evidence against H, substantial.
10> B>10%  Evidence against H, strong.
10%?> B>10? Evidence against H, very strong.
10°> B Evidence against H, decisive.

Nicholls and Stout (1988) hypothesized that the five lava flows,
which provided the data in Table 1, were related by sorting (fractionation or
accumulation of olivine). If the hypothesis is correct, the data should fall on a
trend with a slope of two if plotted on a diagram with (Fe + Mg)/K and Si/K
as axial ratios (Figure 2). Another way of expressing this consequence is: If
the hypothesis is true, the intercepts formed by drawing a line with a slope of
two through each data point should be the same for all samples. The
statistical equivalent, H,, of this characteristic of the data, given that the
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hypothesis is correct, is that the expected variance of the intercept values
should be equal to the propagated analytical uncertainty. The mean values for
the intercepts, X-ratios, and Y-ratios are listed in Table 1. The Bayes factors
for the X- and Y-ratios are less than one and favor the alternative hypothesis,
H,, that the values in each set of ratios are not equal. Because the standard
deviations of the data (s, Table 1) for these two ratios exceeds that expected
from analytical uncertainty (oy), it is likely that some process acted to cause
the diversity, such as crystal sorting.

In contrast, the standard deviation of the intercept values (s = 0.7530)
is less than expected from analytical uncertainty (oo = 5.4275). Although the
Bayes factor (0.0273) is very strong evidence against H,, we cannot ascribe a
physical-chemical cause to the difference. Physical-chemical causes would
lead to values of s greater than o, Rather the cause must be an over-
estimation of the analytical uncertainties, the use of an inappropriate
probability density function, or by luck, the data points plot closer to a single
line with a slope of two than expected — somewhat like winning the lottery.
A discussion of whether a normal or gaussian probability distribution
function is an appropriate description for the dispersion of the intercept
values is given in the appendix.

Testing hypotheses with differences in mean values

This problem is one of testing whether an observation from a
probability density function is equal to a given value or not. To see how the
Bayes factor is calculated, suppose we measure a set of X's from a density
distribution given by:
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h ] ke
f(X‘u,G): c5\/2—Tcexp -% 7)

Next, suppose the prior density function, assuming H, is true, is also
normal and is given by:

1 0-u)°
o0l 7) = - N % (18)

Integrating the product of equations (17) and (18) with respect to 6
from — oo to + oo, after substituting 6 for p in equation (17), and dividing the
result into equation (17) gives (Berger and Delampady, 1987):

2
1| (t-
B=41+p’exp > %—nz (19)

where p = o/(tVn), M = (1o — /7, and t=Vn (X — po)/o.

Volcanic products have been used to define time-lines in the
stratigraphic column. Correlations between outcrops are based on similarities
in chemical parameters (e.g. Oviatt and Nash, 1989). Table 2 contains data
from two outcrops of lava flows near Mount Edziza in northern British
Columbia (Spooner, 1994). The problem is to decide whether the two
outcrops are correlative (i.e. are the same age). If the lava flows are all
products of the same magma batch, then isochronicity is more likely than if
they are not from the same batch. If the lava flows are from different magma
batches, then they can be the same age only by coincidence. Samples 141B,
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142B, and 146B are from one locality whereas 194B and 197A are from
another. Figure 3 shows two tests of the comagmatic hypothesis.

The problem has two parts. First is whether there is evidence that the
rocks were formed from more than one batch. Second is whether the rocks
from one locality are from one batch and the rocks from the other locality
formed from a different batch.

The lava flows are approximately basaltic and if the chemical
diversity is due to internal process (e.g. crystal fractionation), then sorting of
olivine, plagioclase, clinopyroxene, Fe-Ti oxides, and possibly apatite should
account for the diversity. The data should fall on a trend with a slope of one
on a plot of:

[0.25 Al + 0.5(Fe + Mg) + 1.5 Ca + 2.75 Na]/K versus [Si + 1.5 Ti + 2.5
PI/K

if such a hypothesis is true (see Figure 3). We can look at the dispersion of
the intercepts of lines with slope of one drawn through the data points to test
the hypothesis. The results of the calculations are shown in Table 2. The
Bayes factor for the variance of the intercepts is considerably less than one,
suggesting the presence of more than one magma batch in the suite of
samples. On the other hand, the dispersion of the P/K values leads to a Bayes
factor greater than one (B = 6.0742, Table 2). Consequently, the P/K values
are those expected from a single magma batch. This example demonstrates
the occurrence of coincidence. Even though the P/K values are consistent
with a single batch hypothesis, their small dispersion does not prove the truth
of the hypothesis; petrologic hypotheses can seldom be proven true. The
large dispersion in intercept values effectively disproves the single batch
hypothesis. These results, however, do not directly answer the specific
question of whether the samples from one locality belong to the same batch
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as the samples from the second outcrop.

To test the specific question of whether the lava flows from the two
localities belong to different magma batches, we need to examine measures
of central tendency of the data, say the mean values of the data, for the two
localities. We first calculate the weighted means and standard deviations for
each location (see Meyer, 1975). These values are listed in Table 2. The
variables in equation (19) are assigned as follows. Under H,, the expected
value of the difference in the weighted means, X, is zero because Hy is the
hypothesis that the lava flows from the two localities are products of the
same magma batch. Hence, we set o equal to zero. The observed value of x
for P/K is 0.1101. Under H,, the lava flows are from different batches and
the most likely value for the difference in the weighted means is the observed
difference, x = 0.1101 for P/K. Thus, we set u equal to 0.1101 also.

We are assuming the distributions under both hypotheses are normal.
The variance of the difference between two normally distributed variables is
(Meyer, 1975):

o’ =62+ 6, (20)

Whether or not the samples are from the same magma batch, there is no
reason to think the variances under the two hypotheses should be different.
The variance arises from the analytical uncertainties, regardless of which
hypothesis is true. Consequently, in equation (19), we have:

o=t (21)

We have only one estimate of the difference between the means,
consequently n is equal to one. With these considerations, the Bayes factor
becomes:
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2
B= ﬁ exp[-%} (22)

where t = (u; — p)/o.

For both P/K and the intercept, the Bayes factors are less than one.
Neither variable offers any support for H, [see Jeffreys' (1961) criteria, p.
10]. An estimate of the probability that H, is correct follows from Bayes
theorem. If we are initially indifferent to whether the samples from the two
localities are from the same magma batch, we can set the prior probabilities
equal to 1/2 and apply equation (8) to the P/K value and then to the intercept
value. The posterior probability from the first application becomes the prior
probability for the second application. The results are: Pr[Hy|D & 1] is
0.2015 after application to the P/K value and 0.0143 after the second
application to the intercept value. Consequently, Bayes analysis provides an
estimate of a probability near 0.99 that the lava flows from the two localities
are from different magma batches.

Comparison of Observed and Theoretical Quantities

Suppose a theory or hypothesis predicts a value for a quantity that can
be measured or observed. Seldom will the observed and predicted values
exactly agree. We would like to estimate the probability that the observed
value, x, is really equal to the theoretical value, po. The hypothesis can be
symbolized:

Ho: X = o (23)

The alternative hypothesis, H,, is that x comes from some other
probability distribution, say one with mean p and variance 2 If a normal
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distribution characterizes the distribution of X, regardless of hypothesis, and
if the variance of the observed value is known, o?, then the Bayes factor is
given by equation (19). In summary, if theory predicts a single number, we
know how to calculate the Bayes factor.

Often, however, petrologic theory predicts a vector of quantities, say
the composition of a solid or fluid solution. Commonly, predicted and
observed quantities are shown on rectilinear diagrams such as Harker
variation diagrams or Pearce element ratio diagrams. A point on such a graph
can be treated as a number in the complex plane (Nicholls, 1990):

p=x+iy (24)
with a variance given by:
Gy =Gy - G + 21 Gy (25)

o, and cf are the variances of the variables plotted on the x- and y-axis,
respectively and oy, is the covariance of the uncertainties between the two
variables. i is the imaginary unit V-1. If x and y are normally distributed,
then their joint distribution is bivariate normal:

f(x,y|um,yw,o—x,ay,r)=

. { 1 K#) Gou)y-u,) (yﬂwﬂ}(zm
expy - - - 2r +
2/1'0:0'y 1-r 2(1—r ) o, 0.9 g

v ¥

Uxo and pyo are the means of the two variables and r is the correlation
coefficient. The covariance and variances are related to the correlation
coefficient by:
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If we assign the coordinates of the point predicted by theory or hypothesis to
Uo and py, then equation (26) becomes the statistical expression
representing our hypothesis:

Ho:X=p, Y=u, (28)

The alternate hypothesis, Hy, is for x and y to come from a density
distribution with different means:

g(xvy|ﬂx,ﬂy,0'x,o-y,r)=

1 { 1 [(ﬂj =) (y-u) (yyﬂ}(zg)
expy - -2r +
2700 N1- r’ 2(1' rz) o, 0.9, G,

but with the same variances and covariance because these quantities are
derived from analytical uncertainties and are independent of which
hypothesis is true.

Assuming the formula for calculating Bayes factors can be extended
by analogy from the univariate to bivariate case, i.e. change the functions in
equation (11) from univariate ones to bivariate ones, the formula for
calculating bivariate Bayes factors is:

f(x,yluxo,uyo)

B= 0 (o
I_J_mf(x,yloc,ﬁ)g(oc,ﬁlux,uy)dads

(30)
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Performing the indicated mathematical operations gives with equations (26)
and (29):

2(u? —2ruv+v2)—(p2 —2rpq+q2)

B =2 exp| - 31
where:
u:X_uxoivzx_uyO’p:x_uxlqzx_uy
o, o, o, o,

Under the conditions of the alternate hypothesis, H;, the most likely
values for p, and p, are the observed or measured values themselves, x and
y. Making these substitutions simplifies equation (31) considerably:

2 2
(u 2ruv +v )} @2)

B 2exp{ 2(1—r2)

An example is shown on Figure 4. Three samples of lava flows from
Volcano Mountain, Yukon (Trupia, 1992; Trupia and Nicholls, 1996) have
element ratios shown with filled circles: Xell, Xe05, and VMOL1. The
question is whether Xe05 and VMO1 can be related to Xell by fractionation
of olivine or clinopyroxene, either separately or together. If olivine is the
only fractionating phase, then the data should fall on a line with a slope of
one on Figure 4. If clinopyroxene is the only fractionating phase, the data
should fall on a line with a slope of minus one. The two phases fractionating
together should produce a trend with a slope everywhere between minus one
and plus one. The specific path followed by melts formed by fractionating
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Xell can be calculated through thermodynamic modeling. Fractionation
paths are pressure dependent and three possible paths, calculated with the
thermodynamic data base constructed by (Ghiorso et al., 1983), are shown as
solid lines on Figure 4. The path at 3 GPa falls as close to the data point
representing Xe05 as possible, given the thermodynamic data base. Paths at
lower and higher pressure fall further from the data point.

Centered at each data point are elliptical contours of equal probability
density (Meyer, 1975). All points (x,y) on the ellipse defined by:

2 2
(L (x—xoj —2r(X_XO)(y_yO)+(y;yoj 33)

(1—[‘2) © GxOy y

where k is a parameter that characterizes the contour, have the same
probability density. Points inside the contour have a greater probability
density than (x,y) whereas points outside the contour have a smaller
probability density. The point (Xo,Yo) is the data point itself. Larger values of
k characterize contours with smaller probability densities. Consequently, the
most likely point on the fractionation path, the point predicted by theory, to
equal the observed value is the tangent point of the path to a contour
characterized by a particular value of k. In other words, given a fractionation
path we calculate a value of k such that the elliptical contour is just tangent to
the fractionation path.

X

Calculation of k and the coordinates of the point of tangency (X,,Yy) is
relatively straight forward if the fractionation path is or can be approximated
by a straight line. Given the equation of the fractionation curve, evaluated at
(XpYy), in the form:
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Y =4 X+ B (34)

one can set the slope of the line, A, equal to the appropriate derivative of the
equation of the ellipse, dy/dx, also evaluated at (X;Y;). The resulting
expression, with equation (35), and the equation for the ellipse, equation
(34), are three equations in three unknowns, k, X, and ;. The solutions are:

2
o (Brix—y) -
- Vol -2rc,0, +0§,

B AGLY B~ erGy(kXo TYo~ B)"‘ yoci

2 __2 2 (36)
Mo, —2ro,0,+0,

t

The y-coordinate, Y, can be calculated with equation (34) after calculating
X:. In order to calculate the Bayes factor, one simply assigns the coordinates
of the point of tangency to po and pyo in equation (32).

Table 3 contains Bayes factors for hypotheses relating the Volcano
Mountain samples by crystal fractionation. The factor for evaluating a
fractionation hypothesis relating Xe05 to Xell, the hypothetical initial
magma, is 2.83 x 10-6, a value so small that it practically guarantees the
fractionation hypothesis with olivine and pyroxene is wrong. The path for
fractionation of olivine alone is tangent to a smaller ellipse than is the closest
olivine plus pyroxene path. The Bayes factor for the olivine-alone path is
0.081 (Table 3). Consequently, the data provide no support for either
fractionation path between Xe05 and Xell. If the two samples are related,
they are related by some mechanism other than fractionation of olivine and
clinopyroxene. The olivine fractionation hypothesis relating the second
sample, VMO1, to Xell has a Bayes factor of 1.956; a value that supports the
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fractionation hypothesis.

Discussion - Concerns and Problems

Comparison of Bayesian and Standard Probabilities

Standard tests of hypotheses usually follow a recipe similar to the
following: (1) Compute a statistic, such as the mean or standard deviation
from the data. (2) Compute the probability or P-value of getting that value or
a larger value given a probability distribution dictated by some null
hypothesis. If the computed statistic has a low probability of occurring, then
reject the null hypothesis for the data in question (Press et al., 1992 p. 603).
The probability calculated with this method is the probability of measuring
data that produce statistics greater than or equal to the observed value.
Consequently, rejection or acceptance of a null hypothesis depends more on
values that were not measured than on data that were measured. Because
there are always more unmeasured than measured values, probabilities
assigned to the null hypothesis with standard calculations are generally larger
than those calculated with Bayesian methods (Berger and Berry, 1988).

Although statisticians point out that P-values are not the probabilities
of the null hypothesis (Berger and Berry, 1988; Berger and Sellke, 1987),
most of us nonstatisticians have certainly interpreted them to be. Just as
mathematical models are used to represent physical processes, statistical
statements are used to represent hypotheses. Standard methods never
explicitly consider alternative hypotheses; the null hypothesis is the only one
stated with any precision. Bayesian methods force attention to alternative
hypotheses and cause us, the investigators, to consider inverting the
statistical representation back into theories of physical-chemical processes.
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Probability Density Functions instead of Cumulative Frequency Functions

Statistics texts, (e.g. Ash, 1993), are careful to point out that a number
calculated with a probability density function [e.g. equation (10)], is not itself
a probability. Rather, probabilities are calculated by integrating probability
density functions to form cumulative frequency distributions. Probabilities
calculated with Bayes factors or Bayesian methods are often expressed with
probability density. Because Bayes factors can be expressed as the ratio of
two probabilities [see equation (2)], they can be written:

B = Ay 37)

if Ax is small. By multiplying the two probability density functions, fo(x) and
fi(x), by Ax, both the numerator and the denominator acquire the proper
probability 'units'.

More correctly, Bayes factors can be written:

'[X+AX fo(x) dx
B="2—"— (38)

J~><+Ax fl(x) dx

X

Equation (38) is the ratio of the cumulative distribution functions and both
the numerator and denominator correctly represent probabilities.

Equation (37) transforms into a ratio of probability distribution
functions just by cancelling the Ax terms (see Schmitt, 1969). The same
result comes from equation (38) by taking the limit as Ax approaches zero.
Consequently, it is legitimate to calculate Bayes factors and ratios of
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probabilities from the density functions.

Limitations of Equations (22) and (32)

Bayes factors should vary from zero to infinity if posterior
probabilities as calculated with equation (4) are to vary from zero to one at a
fixed value of p,. Equations (22) and (32) can only result in values of B that
are less than or equal to some finite maximum. Figure 5 demonstrates this
fact for equation (22). B can reach its maximum value of V2 only if the
observed value of the variable p matches the hypothetical value po. Suppose
a maximum value for B is obtained. Equation (4) calculates the posterior
probability for a given p,. The increase in p over p, depends on po. The
maximum increase possible is 0.086 if the py is 0.414. Although more
complicated, equation (32) behaves in a similar manner; the principal
differences are: 1) the maximum value possible for B is 2 and 2) the
dependence of B on the correlation coefficient, r, and the variables u and v.
Some of these dependencies are shown on Figure 6.

Equations (22) and (32) are both particular cases of more general
equations. Simplifications result from setting the variances and covariances
of the statistical representations of the hypotheses equal. By setting these
statistical parameters equal, we are effectively limiting the possible range of
hypotheses and restricting the range of values the Bayes factors can have.

Probabilities favoring hypotheses that lead to equations (22) and (32)
cannot become large with a single datum. Several data points must be entered
in succession into a Bayes analysis to get a high probability. Perhaps this is
fitting for petrologic hypotheses. We can never be sure they are correct,
being consistent with the data is the best we can ask. Consequently, high
probabilities that they are true should be rare.
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Appendix

Justification of equation (11):

Suppose we have two hypotheses with initial probabilities py and
1 - po. The statement of the first hypothesis, Hy, is that the data should come
from a probability density function f(x|6y) characterized by a parameter, 6,
equal to a particular value, 6,. We are less certain about what 6 should be if
the second hypothesis, H1, is true but we know that © belongs to a set of
values with its own probability density function, g(6). For each possible
value of theta, given Hj, we could observe a set of data, x. The total number
of ways we could get sets of data is the "sum" of the products of the two
density functions. As usual, because the density functions are continuous, we
integrate rather than sum over all possible values of 6:

J #xi0) a(6) do (A1)

The density distribution of x follows from a procedure analogous to
finding the distributions for discrete probabilities:
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D) = po Fxi06) + (1 — po) | 7x16) g(©) 0B
From Bayes theorem:

P(BolX) = po f(x|6o)/p(x) (A-2)

The expression for the Bayes factor [equation (11)] follows.

Adequacy of the normal distribution for uncertainties in ratios

The analytical uncertainty associated with each element in the ratio,
Uy = ux/pz, will be denoted by ox and . The uncertainty in the ratio itself
is, to first order (Nicholls, 1990):

G, = zeluzz + X% 6° (A-3)

where:

6% = 647 (A-4)

If we assume the original analytical values themselves come from
normal probability distribution functions with means px and pz and variances
ox’ and o7, then the probability density function for their ratio can be
calculated from (Meyer, 1975):

f(x) |+ |Z| e_ 262 e— 262 CIZ (2_5)
c —©
The result is:
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where:

2_ .2 2 .2
p_“x+xuz
2_ _2 2 _2
q_cx +X S,

_ 2 2
t_Gz HXX+GX U,

In comparison, we calculated the Bayes factors in Table 1 on the
assumption that the ratios themselves, rather than the original measurements,
were from normal probability densities:

1 _(X'“xz)z
g(x)=—7=—e *> (A-6)
c,\V2m

The two distributions, calculated from equations (A-5) and (A-6), for
the Ca/K ratio listed in Table 1 are shown on Figure A-1. The maximum
difference between the two distributions is small and is approximately one-
tenth of the value of either distribution. Consequently, treating the ratios as
normally distributed variables should not lead to erroneous Bayes factors.
The intercept is a linear combination of ratios and it also should be normally
distributed to the same approximation as are the ratios. The explanation for
the small Bayes factor for the intercepts is either inappropriate analytical
uncertainties or we hit the lottery.
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